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Abstract 
In the paper, closure MV-algebras (i.e. MV-algebras with additive 
closure operators) as generalizations of topological Boolean algebras are 
introduced and studied. In particular, closure MV-algebras determined 
by idempotent elements, connections between closure MV-algebras and 
induced topological Boolean algebras and closed ideals in connection with 
congruences of MV-algebras are examined. 
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The topological Boolean algebras (or closure algebras) have been introduced 
and studied (see e.g. [6]) as natural generalizations of the topological spaces 
defined by topological closure and interior, respectively, operators. The MV-
algebras which have been introduced by C. C. Chang in [1] and [2] are algebraic 
counterparts of the Lukasiewicz infinite valued logic similarly as the Boolean 
algebras are for the classical two-valued logic. Every MV-algebra A contains the 
greatest Boolean subalgebra B(A) which is formed by the additively idempotent 
elements. Moreover, the operations " 0 " and " 0 " in B(A) coincide with the 
lattice operations "V" and "A", respectively. Hence the Boolean algebras can be 
considered as special cases of MV-algebras. Therefore, in the paper we introduce 
the additive closure and multiplicative interior, respectively, operators on MV-
algebras that in the case A = B(A) are exactly the topological closure and 
interior, respectively, operators. 
183 
184 Jiří RACHŮNEK, Filip SVRCEK 
In the paper, the closure MV-algebras determined by the idempotent 
elements of MV-algebras are studied, connections between the additive closure 
operators of MV-algebras and the topological closure operators of the Boolean 
algebras of idempotent elements are shown and connections between the con­
gruences and the closed ideals of MV-algebras are described. Recall the notion 
of an MV-algebra. 
Definition 1 An algebra A = (A, 0,-^,0) of signature (2,1,0) is called an 
MV-algebra if it satisfies the following identities: 
(MV1) x 0 (y 0 z) = (x 0 y) 0 z\ 
(MV2) x 0 y = y 0 x; 
(MV3) x 0 O = x; 
(MV4) -<->£ = x\ 
(MV5) x 0 - i O = -1O; 
(MV6) ->(-<£ 0 y) 0 y = -.(x 0 -*y) 0 x\ 
If A is an MV-algebra, set x 0 y = —1(—ia; 0 -<u), x V y = ->(-<£ 0 -y) 0 2l and 
xAu = -i(-ixV-iy) for any ar, 2/ G A, and 1 = -i0. Then (A, 0 ,1) is, among others, 
a commutative monoid, (A, V, A, 0,1) is a bounded lattice, and (A, 0 , 0 , V, A) 
and (A, 0 , 1 , V, A) are lattice ordered monoids. For further necessary results 
concerning MV-algebras see [3] or [7]. 
The following definition of an additive closure operator on an MV-algebra 
generalizes that of a topological closure operator on a Boolean algebra. 
Definition 2 
a) Let A = (A, 0 , ->, 0) be an MV-algebra and CI: A -> A a mapping. Then 
CI is called an additive closure operator on A if for each a, b G A: 
1 . C/(a0b) = Cl(a)®Cl(b)\ 
2. a < Cl(a); 
3 . Cl(Cl(a)) = Cl(a)\ 
4. Cl(0) = 0. 
b) If CI is an additive closure operator on A then A = (A, 0 , -1,0, CI) is called 
a closure MV-algebra and CI (a) is called the closure of an element a G A. 
An element a is said to be closed if Cl(a) = a. 
Lemma 1 Let A be a closure MV-algebra. Let Int(a) = -iCZ(-ia) for each 
a G A. Then for any a,b € A we have CI (a) = ->Int(->a) and 
1'. Int(a Gb) = Int(a) 0 Int(b); 
2\ Int(a) < a; 
3'. Int(Int(a)) = Int(a); 
4'. Int(l) = l. 
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(Int(a) will be called the interior of a and Int: A -> A is a multiplicative 
interior operator on .A An element a G -4 is called Open if Int (a) = a.) 
Proo f 
1'. Int(a 0 6) = -.CI(-.(a 0 &)) = - C 7 ( - a 0 -6) = -i(CI(-ia) ® CI(-A)) = 
-iCI(-ia) 0 -iCI(-ift) = In£(a) 0 Int(b); 
2'. Int(a) = -*Cl(-*a) < -i-.a = a; 
3'. Int(Int(a)) = Jn*(-iCJ(-.a)) = -.(CI(CI(-.a))) = -.Cl(-ia) = Jnt(a); 
4'. Jn*(l) = -.CZ(-il) = -iCI(O) = -.0 = 1. • 
Lemma 2 Far anu a , i G i ; a < 5 implies CI (a) < Cl(b) and Int(a) < Int(b). 
Proo f Let a < b. Then CT(a V 6) = Cl(b), hence CT((6 0 -ia) 0 a) = CI(6). 
Therefore C/(b 0 - a ) ® C/(a) = Cl(b), and so C/(a) < Cl(b). 
Similarly, from a < b we get Int (a) = In£(a 0 ->b) 0 Int(b), hence Int (a) < 
Int(b). D 
R e m a r k 1 
a) It is known ([1]) that any Boolean algebra can be considered as a special 
case of an MV-algebra in which the operations " 0 " and " 0 " coincide with 
the lattice operations "V" and "A", respectively. It is then obvious that 
the closure Boolean algebras (by Definition 2) are exactly the topological 
Boolean algebras in the sense of the book [6], chapter III. Hence, closure 
MV-algebras are natural generalizations of topological Boolean algebras. 
b) If A is any MV-algebra then the set B(A) = {a G -A; a 0 a = a} of additive 
idempotents in A is a sublattice of the lattice (A, V, A) that is, moreover, 
the greatest Boolean sublattice ([1], Theorem 1.17). Note that B(A) is, 
at the same time, the set of multiplicative idempotents in A. 
Lemma 3 If A is an MV-algebra and a G B(A) then 
a) y 0 a = y A a, 
b) a 0 (x 0 y) = (a 0 x) © (a 0 y), 
for each x,y G A 
Proo f 
a) Let y < a. Then a <y 0 a < a® a = a, thus y(Ba = a, and hence, by [1], 
Theorem 1.15, y 0 a = H — y A a. 
Let now y G A be an arbitrary element. Obviously y 0 a <y,a. Let 
z G A, z < y, a. Then, by the preceding, we have z = 2 0 a < H 0 a , and 
hence y 0 a = y A a. 
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b) Since (a A x) 0 (a A y) = (a 0 a) A (x 0 a) A (a 0 y) A (x © u), by a), 
a 0 (x 0 y) = (a 0 x) 0 (a 0 y). D 
We will show that any idempotent element a in a closure MV-algebra A 
determines a closure MV-algebra on the interval [0, a]. 
T h e o r e m 4 Let A = (A, 0 , -i,0, CI) be a closure MV-algebra and a be an 
idempotent element in A. If we put 
x 0 a y = x 0 y, 0a = 0, -iax = ->(x 0 -ia) — -^x 0 a, Cla(x) = a 0 Cl(x) 
for any x , y G [0,a] ; then 1(a) = ([0,a],0 a ,-> a ,O a , C7/a) is also a closure MV-
algebra. In 1(a), x ®ay = xQy and Inta(x) = a 0 Int(x 0 -ia) are satisfied for 
any x,y G [0,a]. 
Proof 
a) Obviously, ([O,a],0a,O) is a commutative monoid. We will verify the 
remaining axioms of an MV-algebra. 
(MV4) ->a-ia£ = -i(-iaa;0->a) = ->(->(x0-na) 0->a) = ( x 0 - - a ) 0 a = x A a = a;. 
(MV5) x 0 -ia0 - = a ; 0 o - : f l . 
(MV6) ->a(iaa: ® y ) 0 y = -i(-\.a 0 2/ 0 -^a) 0 H = -n(-i(a: 0 -^a) 0 y 0 -.a) 0 y = 
((x 0 ->a) 0 a 0 -iH) 0 y = ((x A a) 0 ->y) 0 u = (x 0 -*y) ®>y = x\f y. 
Similarly -^a(x 0 ->aH) 0 x = x V H. 
b) We will show that C7/a is an additive closure operator on the MV-algebra 
([O,a],0a ,-ia ,O). Let x,y € [0,a]. 
1. By Lemma 3 we get 
Cla(x) 0 Cla(y) = (a 0 Cl(x)) 0 (a 0 Cl(y)) = a 0 (CL(x) 0 Cl(y)) = 
a 0 C7/(x 0 y) = Cla(x 0 y). 
2. x = x A a < C7/(z) 0 a - - C7/a(x). 
3. Cla(Cla(x)) = a 0 C7/(a 0 C7/(x)) < a 0 Cl(Cl(x)) = a 0 C7/(x) - C7/a(z), 
hence by 2 we obtain Cla(Cla(x)) = Cla(x). 
4. C/a(0) = a 0 C/(0) = a 0 0 = 0. 
Therefore 1(a) = ([O,a],0a ,-ia ,O, C7/a) is a closure MV-algebra. 
At the same time, we have for any x,y G [0, a]: 
xQay = ->a(-ia£ 0 a -*ay) = -^a(-i(x 0 ^a) 0 ->(H 0 -ia)) = ~>(^(x 0 ->a) 0 
-•(w 0 -«a) 0 -^a) = (x 0 ->a) 0 (u 0 -^a) 0 a = (x A a) 0 (y A a) = # 0 y; 
Inta(x) = -iaC7/a(-ia.r) = -»((a 0 Cl(~^(x 0 ->a))) 0 ->a) = (-ia 0 -iC7/(--(.r 0 
->a))) 0 a = ( i a 0 Int(x 0 -ia)) 0 a = a A In£(z 0 -<a) = a 0 In£(x 0 -.a). • 
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Definition 3 A subalgebra C of a closure MV-algebra A is called a closure 
subalgebra if Cl(x) G C for every x G C. 
N o t e Obviously, a subalgebra C is a closure subalgebra if and only if Int(x) G C 
for every x £ C. 
Theorem 5 The Boolean algebra B(A) of additive idempotents of a closure 
MV-algebra A is a closure subalgebra of A. That means, B(A) endowed with 
the restriction of the operator CI on B(A) is a topological Boolean algebra. 
Proo f Let a G B(A). Then CI (a) 0 a (a) = CI (a 0 a) = CI (a), hence 
Cl(a) G B(A). • 
Let us now show that in the case of complete MV-algebras (i.e. such MV-
algebras which are complete lattices with respect to the induced orders), every 
topological closure operator on the Boolean algebra of additively idempotent 
elements can be extended to a closure operator on the whole MV-algebra. 
Theorem 6 Let A be a closure MV-algebra and Lp be a topological closure 
operator on the Boolean algebra B(A). Then there is an additive closure oper-
ator dp on A such that its restriction on B(A) is equal to (p. 
Proo f Firstly we will show that B = B(A) is a complete sublattice of A. If 
yi G B, i G I, and y = mfA{yi;i G I}, then 2/0 2/ = A»€/2/i © Aie/2/i>
 h e n c e 
2/ 0 2/ < 2/j ® 2/? f° r every j G I, and thus y 0 y < yj 0 yj = yj for every j G I. 
Therefore y 0 y < /\ieI yi = 2/, that means y G B. 
Dually for suprema. 
Now, let (p : B —> B be a topological closure operator on the Boolean algebra 
B. Let Tp(x) = v?(A(a; a e B,x < a)) for any x £ A. We will verify that Tp is an 
additive closure operator on A. Let x, y G A. 
1. Tp(x 0 2/) = <f°(A(a; a G 5 , x 0 2/ < a)), 
Vfa) ®^(») = ¥>(A(M G B,x< b)) 0 ^ ( A ( c ; c € .8,2/ < c)). 
It is clear that for any a G B satisfying x 0 y < a, we have A(&; b e B,x < 
b) < a and A(C5C € -5,2/ < c) < a, n e n c e A ( M G £ , x < 6) 0 A(C5C e 
B,y <c) <a®a = a, therefore /\(b; be B,x < b) 0 /\(c; ce B,y <c) < 
/\(a;a eB,x®y <a). 
Conversely, x 0 y < /\(6; 6 G B, X < b) 0 A( c ; c G £ , 2/ < c), and thus 
A(a ; aG B , x 0 | / < a ) < h(b]b€ # , ^ <b)®/\(c;ceB,y < c). 
From this we get Tp(x © 2/) = ^(^) © ^(j/)-
2. x < ^(x) by the definition of Tp. 
3. ^ ( x ) ) =s <r%(A(a;a G B , x < a))) = ¥>MA(a;a G B , x < a))) = 
<p(A(a;a€-B,x<a) ) = ^(x). 
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4. 0 G B, hence Tp(0) ^ <p(Q) = 0. 
Let us denote Cl^ = Tp. Then C7/̂  is an additive closure operator on A 
and its restriction on B equals (p. • 
Let us recall that if A is an MV-algebra and 0 7 - / C i then I is called an 
ideal of A, if 
(i) a 0 b G I for any a, b G I and 
(ii) x < a implies x G I for any x G A, a G I. 
It is known ([1], Theorem 4.3, [3], Proposition 1.2.6) that ideals in MV-algebras 
are in a one-to-one correspondence with congruences. If / is an ideal in A then 
for the congruence 6j corresponding to I, (x, y) G 6j if and only if (x 0 ->H) 0 
(-ix 0 y) G I, for any x, y G A. Denote by A/1 = A/9j the factor MV-algebra 
of A by 81 and let x denote the class of A/1 containing x. 
Definition 4 Let A be a closure MV-algebra and I be an ideal of A. Then I 
is called a c-ideal if CI (a) G I for every a G I. 
If A is a closure MV-algebra and / is an ideal of A, set C7/(x) = C7/(x) for 
every x G A. 
Theorem 7 If A is a closure MV-algebra and I is a c-ideal of A then the factor 
MV-algebra A/1 endowed with CI is a closure MV-algebra. 
Proof Let x,y e A,x = y. Then (x,H) G #/, hence (x0-<H)0(-ix0H) G I. Thus 
also x 0 -yy, -ix 0 y G I, and therefore C7/(x 0 ->H), C7/(-«x 0 y) G I. At the same 
time, C7/(2/)©C7/(x0-iH) = O/(H0(x0->H)) = Cl(xWy) > C7/(x), and since ,4 is by 
[4], [5] a DRl-monoid, we obtain C7/(x0->H) > C7/(x) - Cl(y) = Cl(x)Q-^Cl(y). 
And since C7/(x 0 ->H) G I, we also have C7/(x) 0 -*Cl(y) G I. 
Similarly ^Cl(x)®Cl(y) G I, and hence (C7/(x)0-.C7/(2/))©(-,C7/(x)0C7/(H)) G 
I. That means (C7/(x), Cl(y)) G #/, and so the definition of the unary operation 
C7/ on A/1 is correct. (Therefore we have shown that 8j is also a congruence of 
the closure MV-algebra.) Moreover, C7/ : A/1 -> A/1 satisfies all four conditions 
of additive closure operators. • 
Corollary 8 There is a one-to-one correspondence between the c-ideals and 
congruences of closure MV-algebras. 
Definition 5 Let A± and A2 be closure MV-algebras and let h : A\ -> A2 be 
a homomorphism of MV-algebras. Then h is called a c-homomorphism (or a 
homomorphism of closure MV-algebras) if 
h(Cl(x)) = Cl(h(x)) 
for each x G ̂ 4i. 
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N o t e It is obvious that a homomorphism h of MV-algebras a c-homomorphism 
if and only if 
h(Int(x)) = Int(h(x)) 
for each x E Ai. 
Theorem 9 Let A be a closure MV-algebra, a an open idempotent element in 
A and h : A —> 1(a) the mapping such that h(x) = a 0 x for every x £ A. Then 
h is a surjective c-homomorphism of A onto 1(a). 
Proo f Let x,y E A. Then 
h(xGy) = a 0 (x 0 y) = (a 0 x) 0 (a 0 H) = n(x) 0 / % ) = /i(x) 0 a h(y), 
-ia/i(x) = -i(h(x) 0 -ia) = -<((a 0 x ) 0 -<a) = -i(-ia V x) = a A ->£, 
and hence by Lemma 3, ~^ah(x) = a0 - i . r = h(~^x). Moreover, h(0) — a 0 O = 0. 
Hence /i is a homomorphism of MV-algebras, and since x — a 0 x — h(x) 
for each x E [0, a], h is surjective. 
We will show that h is a c-homomorphism. Since a is open, 
h(Int(x)) = a 0 In^(.x) = In£(a) 0 Int(x) = In£(a 0 x) = Int(h(x)). 
Let y < a- Then In£(H) = Int(aAy) = In^(a0(H0--a)) = Int(a)(Dlnt(y®-^a) = 
a 0 In£(u 0 -ia) = Inta(y). 
From this we get Int(h(x)) = Inta(h(x)), and thus h(Int(x)) = Inta(h(x)) 
for each x G A • 
References 
[1] Chang, C C : Algebraic analysis of many valued logics. Trans. Amer. Math. Soc. 88 
(1958), 467-490. 
[2] Chang, C. C: A new proof of the completeness of the Lukasiewicz axioms. Trans. Amer. 
Math. Soc. 93 (1959), 74-80. 
[3] Cignoli, R. O. L., Mundici, D., DЮttaviano, I. M. L.: Algebraic Foundations of Many-
valued Reasoning. Kluwer Acad. Publ., Dordrecht-Boston-London, 2000. 
[4] Rachůnek, J.: DRl-semigroups and MV-algebras. Czechoslovak Math. J. 48, 123 (1998), 
365-372. 
[5] Rachůnek, J.: MV-algebras are categorically equivalent to a class of DRli^-semigroups. 
Math. Bohemica 123 (1998), 437-441. 
[6] Rasiova, H., Sikorski, R.: The Mathematics of Metamathematics. Panstw. Wyd. Nauk., 
Warszawa, 1963. 
[7] Turunen, E.: Mathematics Behind Fuzzy Logic. Springer Physica-Verlag, Heidelberg-
New York, 1999. 
